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A time-accurate, upwind, finite volume method for computing compressible flows on unstructured grids is
presented. The method is second-order-accurate in space and time and yields high resolution in the presence of
discontinuities. In the basic Euler and Navier—Stokes upwind scheme, many concepts of high-order upwind schemes
are adopted: the surface flux integrals are carefully treated, a Cauchy—Kowalewski time-stepping scheme is used in
the time-marching stage, and a multidimensional limiter is applied in the reconstruction stage. However, even with
these up-to-date improvements, the basic upwind scheme is still plagued by the so-called pathological behaviors (for
example, the carbuncle, the expansion shock, etc.), which are mostly triggered due to some undesirable local
numerical instability. A simple multidimensional dissipation model is used to systematically suppress such behaviors
and stabilize the scheme for flows at high Mach numbers, whereas for flows at very low Mach number (for example,
M = 0.02), it is found that computation can be directly carried out without invoking preconditioning. The modified,
stabilized scheme is referred to as the enhanced time-accurate upwind scheme (Loh, C. Y., and Jorgenson, P. C. E.,
“A Time Accurate Upwind Unstructured Finite Volume Method for Compressible Flow with Cure of Pathological
Behaviors,” ATIAA Paper 2007-4463, 2007.) in this paper. The unstructured grid capability renders flexibility for use
in complex geometry, and the present enhanced time-accurate upwind Euler and Navier—Stokes scheme is capable of
handling a broad spectrum of flow regimes from high supersonic to subsonic at very low Mach number, appropriate
for both computational fluid dynamics and computational aeroacoustics. Numerous examples are included to

demonstrate the robustness of the scheme.

Nomenclature
E; = space-time Euclidean space
e = internal energy
F,G,H = flux vectors
FZ“/ 2 = F flux vector at time step n + 1/2 and the kth edge

(surface) of the cell
= enthalpy
index number for van Albada limiter
weighing factor for numerical dissipation
ratio of specific heat
time step size
volume of grid cell
length of the kth edge of the cell
acoustic wave amplitude factor
bulk viscosity
= density
= divergence operator
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Subscripts

i,v = inviscid and viscous components

LorR = left or right state for Riemann solver

n = number of time step

n,,n, n, = components of unit normal vector at cell surface
p = static pressure

Re = Reynolds number
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S = surface of a control volume or cell
Sr = Strouhal number

t = time

U = the conservative flow variable vector
u, v, w = velocity components

Xy, 2 = Cartesian coordinates

I. Introduction

INITE volume (FV) schemes are popular in computational fluid

dynamics (CFD) and computational aeroacoustics (CAA) pri-
marily due to their robustness and geometric flexibility. The FV
schemes are based on the Gauss divergence theorem applied to a
control volume (CV) and consist of two steps. In the first (recon-
struction) step, with given initial conditions, the cell average-flow
variables are reconstructed into linear or higher-order polynomials
within the CV. The second (evolution) step involves computing the
surface fluxes of the CV; the cell averaged values of flow variables are
then obtained for a solution at the next time level. The surface flux
calculation in these schemes can be categorized into two types: the
centered schemes and the upwind schemes [1]. Although the upwind
schemes require a Riemann solver (exact or approximate), the
centered schemes, such as the NT (Nessyahu—Tadmor) [2] scheme
and the conversion element/solution element (CE/SE) scheme [3,4],
do not.

There are currently many popular upwind schemes being used in
CFD and CAA. The Godunov scheme and the total-variation-
diminishing high-resolution schemes [5,6] are considered to be the
fundamental upwind schemes. In the past decades, there has been
significant progress in improving the accuracy of the upwind
methods by using higher-order approximations (e.g., the essentially
nonoscillatory [7] and weighted essentially nonoscillatory [8]
schemes, the discontinuous Galerkin [9] scheme, the spectral finite
volume, and the spectral difference schemes [10,11]. However, CPU
time and computer memory with these high-order schemes are also
much higher.

The purpose of this paper is to present a practical method that
avoids high computational costs but with reasonable accuracy while
retaining its robustness [12]. We will focus on the construction of
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such a time-accurate upwind FV scheme for the Euler and Navier—
Stokes equations on unstructured grids (triangular or tetrahedral).

In the first step of the work, a basic upwind scheme is chosen
similar to the one presented in [1] for solving the Euler equations. In
the basic scheme, many concepts of high-order upwind schemes are
adopted, such as careful evaluation of surface fluxes, Cauchy—
Kowalewski time stepping, multidimensional limiting [3,4], etc.

As is well known, the upwind methods are prone to exhibit
pathological behaviors [13—19] such as the carbuncle and the expan-
sion shock. In nature, such behaviors are due to some local numerical
instability or lack of dissipation [13—18]. For various pathological
behaviors, researchers have considered different implementations of
dissipation in upwind schemes (e.g., [13]). In the second step, to
enhance the capabilities of the basic upwind scheme, the present
work takes a systematic approach to stabilize the scheme. A multi-
dimensional numerical dissipation model [12,18] is implemented in
the basic scheme. The resulting scheme is now an enhanced time-
accurate upwind (ETAU) scheme. The new ETAU scheme provides a
systematic cure for these undesired behaviors with high-flow Mach
numbers and is nominally second-order-accurate in space and time,
yielding high resolution in the presence of discontinuities.

Furthermore, as a result of the careful, multidimensional treat-
ments, the ETAU scheme is found capable of computing flows at very
low Mach number (e.g., M = 0.02), without invoking precondition-
ing. The ETAU scheme is then rendered as a nearly all-speed or
Mach-number-insensitive upwind scheme. For flows in different
Mach number regimes (i.e., low, medium, and high Mach numbers),
one needs only to adjust one or two parameters in the scheme to
accommodate a computation.

The governing equations and the basic unstructured Euler and
Navier—Stokes solver are briefly described in Sec. II. Section III is
devoted to the cure of the pathological behaviors at high-flow Mach
number that warrants a stable scheme: ETAU. Several examples of
flows at high Mach numbers are presented in Sec. IV to demonstrate
how such annoying behaviors are suppressed in a systematic way. In
Secs. Vand VI, the ETAU Euler and Navier—Stokes solver is tested in
numerical examples from supersonic to low subsonic flow speed,
with emphasis on stable, long run time viscous flows for CAA
computations. Concluding remarks are addressed in Sec. VII.

II. Basic Unstructured Euler and Navier—-Stokes
FV Solver

Because computer time and memory still need to be considered
when computing time-accurate unsteady flows, an upwind FV
scheme that is second-order-accurate (in the absence of flow discon-
tinuities) in space and time is chosen. The basic upwind scheme
includes many attributes often found in the construction of high-
order schemes: the geometrical quantities are calculated as accu-
rately as possible, the use of a Cauchy—Kowalewski-type evaluation
of the time derivative and a multidimensional limiter [3,4] for the
reconstruction stage. A brief description of the basic upwind scheme
is outlined below, beginning with the Euler and Navier—Stokes (Euler
and N-S) equations in conservative form.

A. Conservation Form of the Unsteady Compressible Euler and
Navier-Stokes Equations

The conservative form of the two-dimensional Euler and N-S
equations are briefly sketched here. Let p, u, v, p, and y be the
density, the two velocity components, static pressure, and constant
specific heat ratio, respectively. The two-dimensional unsteady Euler
and N-S equations are written in the following standard conservative
form:

U,+F. +G,=0 M

where x, y, and ¢ are the streamwise, transverse, and time coordinates,
respectively. The flux vectors are further split into inviscid and
viscous fluxes:

The conservative flow variable vector U and the inviscid flux vectors
F; and G; are given in nondimensional form as

U, P ,;)u PV
U | _| pou | pu+p _ pouv
U= Uy | | ov |’ Fi= ouv |’ Gi= PV +p

U, pe puH pvH

Here, the (total) energy has the form

P L, 2
e=—"—+-(u*+1?)
ply—=1) 2
and the enthalpy is H = p/p + e. The nondimensionalized viscous
flux vectors F, and G, are written in conservation form [20] as

F,
0
nQu, 3V V)
= M(vx + uy)
,u,[Zuux + (uy +v)v—3(V-V)u+ L2 (%T - %):|
and
G,
0
p(v, + u,)
= l;(,(szV — % V . V)

,u|:2vvy + (uy + v Ju—3(V-V)u + %% (Z—T—#)]

where u,, u,, v,, and v, are the flow velocity gradients with Pr
being the Prandtl number; i = 1/Re is the dynamic viscosity where
Re is the Reynolds number; and the velocity divergence is V- V=
u, + v,. For air at standard conditions, Pr = 0.72 and y = 1.4.

B. Cell Surface Flux Evaluation and the Time-Marching
(Evolution) Stage

A typical two-dimensional unstructured triangular cell used in the
scheme is illustrated in Fig. 1. Here, AABC is a triangular cell
centered at O; D, E, and F are the centers of the neighboring
triangular cells. The flow variables at the previous time step are stored
at these cell centers. By considering (x, y, t) as coordinates of a three-
dimensional Euclidean space E; and using the Gauss divergence
theorem, it follows that Eq. (1) is equivalent to the integral
conservation law:

9§I,,,ds=0,
s

where S denotes the surface around a space-time CV in E; (e.g., the
prism ABC-A'B'C’ in Fig. 1b) and I,, = (F,,,G,,,U,,). For the
surface integrals in Eq. (2), following the concepts of high-order
upwind schemes [10,11,21], Gaussian quadratures are required.
Here, for second-order accuracy, the only Gaussian point is the

)

X

m=1,2,3,4, (@3

a) b)
Fig. 1 Sketch of a) a typical unstructured triangular grid in two-
dimensional space and b) control volume in E;.
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centroid of each space-time hyper surface (e.g., M in Fig. 1b) and the
integrands are approximated by linear functions. Details are as
follows.

The inviscid part of the fluxes FZ“/ *and GZH/ * are generated via
a Riemann solver (RS) (e.g., Roe’s RS [22]). At time level t = nAt,
U" is given at all triangular cell centers (e.g., O, D, E, and F in
Fig. 1a). The spatial gradients U, and U, can then be reconstructed
via a multidimensional limiter as described below. The left and right
(L and R in Fig. 1a) states at the center of each surface of the space-
time CV are established by linear Taylor expansion from their
corresponding cell centers. For instance, at the center, M, of the
surface ABB'A’ (see Fig. 1b), the R and L states are, respectively,

n At
U =Up + (UDpAx + (U)o Ay + (UD)p - ()

n At
UL =0 + (UDoAx + (U)oAy + (U)o ()

Here, the subscripts O and D indicate which cell center flow variables
are used, and Ax and Ay correspond to either DM or OM. Note that
because the outgoing unit normal is chosen, the R state always comes
from the neighboring cell centers (D, E, or F). Evaluations of the
time derivatives Uyand spatial gradients U} and Ujare described,
respectively, in Secs. II.C and ILD. This procedure with inviscid
fluxes was outlined by Huynh [1] for solving the Euler equations.
The evaluation of the viscous fluxes Fi "'/ and G ™'/2 follows the
formulations in Sec. IL.A, but only the R-state data are used. As the
flow variables are assumed linear within each cell, spatial derivatives
(gradients) are constant therein and can be applied directly without
using Taylor expansion.

The simple quadrature of the surface integrals in Eq. (2) leads to
the update formulation of U at O from time step n to n + 1:

Al & n n
U =0 =) IR0+ G ()AL )
k=1

where Fy, Gy, (n,), and (n,), (k = 1, 2, and 3) are, respectively, the
two flux vectors, the outgoing unit normal vector components at the
centers of the three cylindrical surfaces ABB'A’, BCC'B’, and
CAA’C'. The lengths of the edges of the triangular cell AABC, AB,
BC, and CA are represented by Al (k= 1,2, and 3); As the area of
AABC and At the time step size.

With the introduction of a multidimensional dissipation model
(Sec. IIL.C), the basic scheme (5) will be augmented later to cure the
undesired pathological behaviors and upgraded to the ETAU scheme.

C. Cauchy-Kowalewski and Lax—Wendroff Time Stepping

The Cauchy—Kowalewski concept makes use of the governing
equations to represent the time derivative by the spatial derivatives.
Lax and Wendroft were the first to apply the concept to the Euler
equations in their well-known Lax—Wendroff scheme. The idea was
followed by other researchers (e.g., the NT and CE/SE schemes
[2,4]). Here, assuming all the spatial gradients U} and U} are already
given, evaluation of U, follows the Lax—Wendroff procedure:

U =—F! -G (6)

As the Reynolds number Re is usually high (or viscosity p is small),
F and G can be well approximated by their inviscid portions: Eq. (6)

is simplified to
oF\" . G\ .,
o A GO

U7 is then substituted, respectively, to Eq. (3) or Eq. (4) to provide R
and L states for the local Riemann solver. A numerical flux fora given
face is thus evaluated. Once the flux data are computed at all the cell
surface, the averaged solution is updated to the (n 4 1) Az time level
(the top face of the CV, AA’B’'C’) using Eq. (5).

U

~3

D. Multidimensional Limiting and the Reconstruction Stage

In the reconstruction stage, the averaged flow data U (i.e., U"*!)
just updated at the current cell center O and at its three neighboring
cell centers D, E, and F (see Fig. 1a) are used to construct a new set of
spatial gradients. In general, the reconstruction process requires
solving an overdetermined system (see, for example, [21]). For
second-order accuracy, U must be reconstructed into a linear vector
function within the current cell via a limiter.

Here, a multidimensional as opposed to dimension-by-dimension
limiter is employed. Let # denote a component of U; by simple finite
difference, three linear equations for the gradients (u,,u,) are
obtained: '

(xp — xo)uy + (yp — Yo)uy = up — up
(xg — x0)uy + (Vg — Yo)uy = ug — up

(xp —x0)uy + Op — yo)uy = up — ug

Here, the subscripts O and D, E, and F denote the corresponding cell
centers. Generally, any combination of two of these equations yields
a set of spatial gradients for u. There are three sets of such gradients:
namely, (4%, u’) (i =1, 2, and 3). Their moduli or /, norms,

my =\ @)+ )

(i =1, 2, and 3) are calculated as a measure for later usage. Then, a
multidimensional limiter based on the magnitude of the norms is
applied to all spatial gradients to achieve a single, unified set of
gradients for U. Two such multidimensional limiters are recom-
mended here: the minmod limiter and the extended van Albada
limiter (weighted averaging) [23].

When the minmod limiter is employed, the gradient (ul?, ug-i) )
corresponding to m; = min(m;, m,, m;) is chosen. When the
extended van Albada limiter is used, let w; = (m,ms)%,
w, = (mym3)®, wy = (m;m,)%, and « > 0; the final gradients are
evaluated through weighted averaging:

_ wlllil) + wzuiz) + w3ui3)
wy + Wy + w3

_ wluﬁl) + w2u§,2) + w3u§,3)

,ouy=
wq +w2 +w3

The extended van Albada limiter or weighted averaging was
previously used in the CE/SE method [3,4]. Different « provide
numerical dissipation at different levels. A small « (e.g., « = 0.5)
usually yields less dissipation. In the presence of a shock or a contact
discontinuity, a larger o(=2.0) is needed. In the rare extreme
situation with high Mach number and strong shocks, the computed
gradients u, and u, need to be further limited by a factor in order to
keep the numerical procedure stable (see, for example, [24]).

E. Extension to Three-Dimensional Space

The basic Euler and N-S upwind scheme can be consistently
extended to three-dimensional space. The governing formulation
equation. (1) is

U, +F +G,+H,=0 ®)

Here, similar to Sec. ILA, U, F, G, and H are the three-dimensional
versions of the conservative flow variables and the flux vectors. All
the numerical implementations from Secs. IL.B-IL.D can be extended
to the three-dimensional case. The update formulation equation (3)
becomes

At G .
Ut =07 = g D IR 0+ G (),
+H () JAs, ©

where Av and As; (k =1, 2, 3, and 4) represent the volume and the
surface areas of the current tetrahedral cell.
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III. Cure of the Pathological Behaviors

and the Stabilized ETAU Scheme

The basic scheme described above is an improved upwind scheme
of the Godunov type. The scheme works well with many benchmark-
type problems but still suffers from the general symptom of the so-
called pathological behaviors described by Quirk [13] and Kitamura
et al. [19]. The pathological behaviors and their cure or the stabili-
zation of the basic scheme are reviewed and discussed in this section.

A. Pathological Behaviors and How They Occur

Despite the great success of the upwind schemes, there are still
some cases of failure reported by researchers: for example, the
carbuncle phenomenon in the bow shock of a blunt body, the
expansion shock when a supersonic flow of high Mach number
passes over a sharp edge, and the kinked Mach stem when a super-
sonic flow passes a wedged wall, etc., [14-17,19]. It is generally
agreed that insufficient dissipation and the consequent local
numerical instability lead to such failures [13,14,16,18].

In the literature, for the Godunov-type upwind schemes, a general
cure is switching to different Riemann solvers to gain some more
dissipation. For example, an expansion shock can be cured by
switching from a Roe approximate Riemann solver to an Harten—
Lax—van Leer—Einfeldt (HLLE) Riemann solver [13]. A comparison
of the performances of various Riemann solvers or flux-splitting is
given in [14]. Lin [15] provides a way to add dissipation to flux
difference splitting schemes to treat the carbuncle phenomena and
the slow-moving shock instability. Other curing measures may be
found in the references of these papers.

Recently, based on the previous works of these researchers, the
present authors proposed a new multidimensional dissipation model
to systematically cure the pathological behaviors and stabilize the
upwind scheme [12,18]. For completeness, the multidimensional
dissipation model is briefly reviewed and sketched below, with its
implementation to the basic scheme.

In his investigation, Xu [16,17] argued that for a Godunov-type
upwind scheme, the dissipation required by the numerical stability
mainly comes from the Riemann solver at the cell interface. With the
given L and R states across the cell interface (L and R in Fig. 2a), the
Riemann solver attempts to compromise the two different states to an
intermediate state for the flux by some kind of averaging. For
example, in the Roe approximate Riemann solver, p;/(p; +
/PLpr) is used as the weighing factor in the weighted averaging for
the flow variables. The averaging process is accompanied by an
entropy increase and numerical dissipation is generated. The amount
of dissipation varies subject to the L and R states and is in the normal
direction of the cell interface. The more they differ from each other,
the more the numerical dissipation. After applying a Riemann solver
to the interface between two adjacent cells, the divergence theorem
stipulates that only the normal flux vector components at the interface
are considered in the evaluation of surface fluxes and all the
tangential components are ignored. In the tangential direction of the
surface, no wave is assumed to occur and the numerical dissipation
is absent.

Ve
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Based on Xu’s arguments, we are able to conduct a qualitative
analysis to the typical pathological behaviors, such as the carbuncle.
For convenience, we assume a rectangular grid, as shown in Figs. 2a
and 2b, and that the grid lines AD and BC are aligned with the bow
shock. For the grid cell ABCD located near the stagnation point of the
blunt body (see Fig. 2a), as the flow states jump sharply across BC
because of the bow shock (see Fig. 2b), the RS at BC introduces
numerical dissipation normal to the bow shock, but no dissipation
occurs in the tangential direction. For the surface (edge) CD, as the L
and R states are almostidentical (e.g., v; = vg), the RS provides little
or no dissipation in its normal direction or the direction aligned to the
shock. Similar analysis can be applied to the other two surfaces AB
and AD. Thus, the numerical solution is vulnerable to the local
temporal or spatial instabilities in the direction tangent to or aligned
with the shock, causing the carbuncle phenomena. Naturally, a
remedy is to add some extra numerical dissipation in the tangential
direction of the shock or the cell interfaces AD and BC to stabilize the
numerical computation.

Another typical pathological behavior is the expansion shock that
forms in supersonic flow of high Mach number past a sharp edge
(see Fig. 2¢). The expansion shock represents a different type of
insufficient dissipation. Although the RSs at AB and BC generate
numerical dissipation in the normal direction, the dissipation may not
be sufficient enough, and an expansion shock appears. Quirk [13] has
suggested using a more dissipative HLLE Riemann solver and
smearing the expansion shock to an expansion fan. Here again, an
alternative remedy is to add supplementary numerical dissipation,
but this time in the direction normal to the cell interfaces AB and BC
or the expansion shock.

The preceding analysis of two typical cases suggests that if there
exists a dissipation model that contributes additional dissipation in
both tangential and normal directions or omnidirectionally, these
pathological phenomena may be cured.

A multidimensional dissipation model proposed in [12,18] is
employed in the present paper, which is external to the RS, to
systematically control and suppress the pathological behaviors and to
stabilize the scheme. The model adds omnidirectional dissipation to
the basic upwind scheme.

B. One-Dimensional Dissipation Model

To explain how the dissipation model works, we begin with a
simple one-dimensional scalar advection equation:

0 Ju
M0 (10)
ot Ox
Two simple one-dimensional finite difference schemes are reviewed.
The first scheme is a scheme of forward difference in time and central
difference in space:

u_',“'1 =u} +0.5r(u}y, —ul_ ) =u,

where r= At/Ax. It is well known that such a scheme is
unconditional unstable. However, if u7 is replaced by an average of u

R

]

a) b)

Fig. 2 Grid structure associated with pathological behaviors: a) the cell ABCD showing the forming of dissipation in a Riemann solver: L and R
correspond to left and right states and b) location of the cell relative to the shock; c) grid structure near a sharp edge in the expansion shock case: P and Q

are cell centers.
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at the adjacent nodes j — 1 and j + 1, the scheme becomes the Lax—
Friedrichs scheme

Wt = 0.5}y +uiy) +0.5rh, —uj) =u,

which is stable for » < 1. Here, we have learned that when replacing
u; by an average of u at the adjacent nodes, a certain amount of
dissipation is added to the scheme, making it stable.

C. Implementation of Multidimensional Dissipation Model and the
ETAU Scheme

Based on the preceding one-dimensional dissipation model, and
for better performance, a slightly different multidimensional model
with controllable dissipation is proposed [12,18]. Here, the process is
made fully embedded in the numerical procedure at no additional
cost in operation.

As shown in Fig. 3a, let AABC be the current cell, M, N, and P be,
respectively, the midpoints of its edges AB, BC, and CA (i.e., cell
surface centers). Note that the triangle AMNP is also centered at O.
The R states at these midpoints at time level n are extrapolated from
their respective neighboring cell centers D, E, and F (see Fig. 1a) by
Taylor expansion:

Uy, =Up + (U)pAx + (Up)p Ay
Uy =U% + (Up) g Ax + (U)) Ay
Up = U + (UD)pAx + (U2) Ay

They are an intermediate step of Eq. (3) and cost no extra CPU time in
computation. The average of these pointwise values

U= (U}, + U, +Up)/3

is an approximation of U, with spatial smearing. Then, U" in Eq. (5)
is replaced by a weighted average of U” and U [i.e., Eq. (5)] becomes

Ut = gU + (1 - U

Al .
=5y D)+ G ) A (1)
Y k=1

Here, 8 and 0 < B < 1 is the weighing factor, which controls the
numerical dissipation. By this weighted averaging process, some
numerical dissipation is introduced to the scheme. For most cases,
the flow is insensitive to the value of 8 and setting 8 = 107* — 1073 is
appropriate. Sometimes, even 8 =0 works fine. For flows with
extremely high Mach number and strong shocks, particularly in the
presence of the pathological behaviors, 8 may need to be increased
up to the level of 107!, To avoid excessive dissipation, one should
keep B as low as possible. One could even have the option to choose
different Bs in different flow regions.

With the dissipation model added to the basic scheme, it is referred
to the ETAU scheme. The scheme in Eq. (11) falls within the class of
second-order-accurate upwind schemes. For general unstructured
grids, when the flow is continuous around the cell (AABC in Fig. 1a),

M,N,P- (o}
cell edge
centers

A M B pomN-cel
surface centers

a) b)
Fig. 3 Dissipation models in two-dimensional and three-dimensional
spaces: a) for two-dimensional triangular cell, O is the cell center, M, N,

and P are the cell edge centers and b) for three-dimensional tetrahedral
cell, O is the cell center, M, N, P, and Q are the cell surface centers.

U =U" + O(h?), where h is the average grid size. The ETAU
scheme in Eq. (11) is hence still spatially second-order-accurate.

Equation (11) can be consistently extended to a three-dimensional
scheme with tetrahedral grid cells (see Fig. 3b). Further discussion on
the accuracy of upwind finite volume schemes using arbitrary
unstructured polyhedral grids for three-dimensional flows can be
found in [21].

In the following sections, numerical examples with high, medium,
and low Mach numbers are displayed, including the cure of
pathological behaviors.

IV. Numerical Examples for High-Mach-Number
Flows with Pathological Behaviors
In this section, we demonstrate how several well-known patho-
logical behaviors are systematically suppressed with the ETAU
scheme simply by turning on and adjusting S.

A. Expansion Shock

Consider the problem of a strong shock diffracting over a 90 deg
edge [13]. Here, the shock Mach number is M; = 5.09. There are
about 14,000 triangular cells in the domain. Initially, the flow is set to
the quiescent ambient condition

(P g, Vg, po) = (1,0,0,1/y),

and M; = 5.09 conditions are imposed at the inlet:

y=14

(pi ;. v, p;) = (5.0294,4.0779,0,21.4710)

At the top, bottom, and along the surfaces of the rectangular block,
the slip-wall condition is imposed. A simple extrapolation condition
is applied to the outlet boundary. The van Albada index o is set at 2.0.
Figure 4 illustrates the density contours with or without the cure.
With B changing slightly from O to 0.001, the expansion shock
disappears.

B. Kinked Mach Stem

Another example of the pathological behaviors is the kinked Mach
stem over a ramp of 30 deg [13]. There are 36,240 triangular cells in
the grid. Initially, the flow is set at the quiescent ambient condition

(o> Uo> Vo, Po) = (1,0,0,1/y)

i 4

B=0.0 |
2%52.’2

a) b)
Fig. 4 Supersonic flow diffracted over an edge of 90 deg: a) at 8 =0,
expansion shock is present and b) at § =0.001, expansion shock
disappears; details of the expansion shock and expansion fan are
displayed at the bottom.
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and M, = 5.5 conditions are imposed at the inlet:
(pis u;, v;, pi) = (5.1489,4.4318, 0,25.0893)

Boundary conditions at the top, bottom, and the ramp surface are the
slip-wall conditions. Simple extrapolation is imposed at the outlet
boundary. Figure 5 demonstrates how a correct Mach stem is
recovered by setting 8 = 1073.

C. Carbuncle Phenomenon

The carbuncle phenomenon occurs with most upwind schemes
when computing supersonic flow past a blunt body with a bow shock.
In this example, the blunt body is a half-circular cylinder with a slip-
wall boundary condition. Simple extrapolation is applied to the
outflow boundaries. A freestream of M = 10is imposed at the inflow
boundary. For flows with shocks, the index parameter « in the van
Albada limiter is usually set at 2. For high-Mach-number flows with
shocks, the dissipation parameter 8 may need to increase from the
level of 1073 to 1072 or even 10!, To avoid excessive damping, one
should keep B as low as possible. Also for high-Mach-number flows
with shocks, we note that for convergence, sometimes the spatial
gradients of the (conservative) flow variables after limiting might
still need to further reduce by a factor ¢ and 0 < ¢ < 1 (see, for
example, [24]).

As the carbuncle phenomenon is a focus of research, this problem
is tested on both structured and unstructured grids. The first grid here
is actually a triangulated structured grid but treated as unstructured
data. There are about 80,000 triangular cells in the computational
domain. As shown in Figs. 6a and 6b, the carbuncle is prominent with
B = 0 but disappears when a maximum 8 = 0.05 is applied. Here,
is at its maximum value near the stagnation area where carbuncle
phenomenon occurs and gradually tapers down to 0.01.

Recently, Kitamura et al. [19] reported that with an upwind
scheme, the carbuncle depends on a variety of issues, such as the free-
stream Mach number, grid shape, etc. Also, curing of the carbuncle is
hard on a truly unstructured grid. Our next test is on a truly
unstructured grid. There are about 75,000 triangular cells in the grid.
All the flow conditions are identical to the case with a triangulated
structured grid.

For the present ETAU scheme, in order to achieve a correct
solution as compared to Fig. 6b, it is found necessary to adjust only
the maximum B. The treatment is simple and effective. When the

Godunov

Godunov

b)

minmod

van Albada

) d)

Fig. 5 Supersonic flow over a ramp with recovery of the correct Mach
stem: a) Godunov scheme with no cure (8 = 0): noise at the top wall and
the kinked Mach stem are clearly shown; b) Godunov scheme with cure
(8 = 0.001): the noise disappears and a correct Mach stem is recovered;
¢) high resolution with minmod limiter (8 =0.001); and d) high
resolution with van Albada limiter (8 = 0.001).

a) b) ©) d

Fig. 6 Supersonic M = 10 flow past a circular blunt body on a tri-
angulated structured grid: a) carbuncle with Godunov scheme (8 = 0)
and b) with max. § =0.05 imposed, the carbuncle phenomenon
disappears; on a truly unstructured grid: c) isobars with max g = 0.25
and d) close-up of the stagnation region with the grid.

maximum f in the stagnation region is increased to 0.25, the
carbuncle is completely suppressed. With increased dissipation, the
bow shock in the stagnation region appears thicker (see Figs. 6¢c and
6d), which is a tradeoff for the unstructured grid (without adaptive
mesh refinement techniques). Note that the triangulated grid in
Figs. 6a and 6b is much coarser near the top and bottom corners and
the bow shock in Figs. 6b spreads out. Also, the isobar contour lines
used in Figs. 6¢ and 6d are thicker.

D. Slowly Moving Shock

Here, the one-dimensional problem is computed in a two-
dimensional domain. A grid consisting of 800 uniform triangular
cells is used, spanning between 0 < x < 32. Initially, a strong shock
is located at x = 15 with the left states and the right states:

(o1 1, p1) = (3.86,0.81,10.34), (o, u,. p,) = (1,3.44, 1)

These states are also imposed as the inflow and outflow boundary
conditions. At the top and bottom of the domain, the usual reflective
slip-wall conditions are imposed. With At = 0.002, after running
10,000 steps, the slow shock moves only from x = 15 to x = 17, as
shownin Fig. 7. Figure 7 also shows that by increasing 8 from 0t0 0.3
and 0.5, the spurious oscillation is suppressed or eliminated.

10.4

10.35 V\/\/\/\/\/\A.
F =

beta=0.0

— — — - beta=0.3

———— - beta=0.5
Q -
10.3F
10.25 -

102 A

P s
0 5 10 15 20 25 30
X

Fig. 7 Suppression of spurious oscillation in one-dimensional slowly
moving shock at ¢ =20 (10,000 steps) with 8 =0, 0.3 and 0.5 shows
growing numerical dissipation with increased f.
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V. Numerical Examples for Flows at Medium
Mach Number

In this section, the ETAU scheme is tested in three typical
examples with medium Mach numbers. All are compared to the exact
solutions. For all the cases, 8 = 0 is chosen (the basic scheme). It is
found there is practically no difference between the results with
B =0 and 8 =0.001 because no pathological behavior occurs. In
the presence of a shock, the van Albada index o = 2.0; otherwise,
a=0.5.

A. One-Dimensional Riemann Problem

As a one-dimensional example, the Sod shock-tube problem [25]
is considered. For x € [0, 8], initially, the two flow states are
separated at x = 3:

(pu, p) = (1,0, 1), if x <3
P P)=1(0.125,0,0.1) if x> 3

The physical boundary conditions at the left and right ghost cell
centers, x = —0.01 and x = 8.01, are constant and, respectively,
set at

V,=(1,0,)T and Vg;=(0.125,0,0.1)T

There are 400 uniform cells in [0, 8]. The ETAU scheme is employed
with time step size At = 0.004. Figures 8a and 8b show, respectively,
comparisons of computed and exact results before (at t = 2.0) and
after (at r = 3.2) the rarefaction and the shock exit the boundary
points x = 0 and x = 8. The shock and the rarefaction are all well
captured.

B. Shock Reflection on a Solid Wall

Consider a rectangular domain with 0 < x <400 and 0 <
y < 100, as shown in Fig. 9. A uniform triangulated grid of 40,000
cells is employed. A supersonic flow with a Mach number of 2.9 is
given as the inflow boundary condition

uy =129, vy =0, po=1/1.4, po=1
1.2r 1.2r
1t 1t
—-g—- upwind —-5—- upwind
0.8F —— exact 0.8k exact
o [=3
0.6f 0.6F
0.4 0.4+
0.2r 02 t=3.2
ol s L s s ol é 21 L L
0 2 4 X 6 8 0 % 6 8
a) b)

Fig. 8 One-dimensional Sod shock-tube problem; comparison of exact
and numerical solutions of pressure: a) at = 2.0 and b) at = 3.2.

[ms——
2.5 125
—+=o--=- Upwind V-A Limiter
Exact Solution
2 2f P
[7]
&
a [
1.5¢ 118
1k I_J ) ) . ] 1
-100 0 100 200 300
X

Fig. 9 Shock reflection problem: density contours (left) and compari-
son to the exact solution along the centerline (right).

The boundary condition at the top is an inclined flow:

liop =2.6193, Uy =—0.50632, prop=1.5282, piop=1.7000

The outflow boundary condition is the simple extrapolation and the
bottom is a solid reflecting wall. Then, a steady oblique shock is
formed with 29 deg inclination and reflected at the bottom wall.
Figure 9 displays the density contours and a comparison of the
computed density and the exact solution along the centerline y = 50.
Here, a van Albada limiter with « =2 and 8 =0 (no dissipation
model) is employed.

C. Propagation of Linear Acoustic Pulse and Vortex and Entropy
Waves

Despite the capability of the present ETAU scheme in capturing
discontinuities in flows of supersonic or hypersonic speed without
suffering from the pathological behaviors, it is interesting to check its
performance for flows at lower Mach number with delicate acoustic
waves. Here is an example illustrating the propagation of three basic
types of weak, linear waves in a two-dimensional domain [26]:
namely, the linear acoustic pulse, vorticity, and entropy waves. The
computational domain in the x-y plane is a square with —100 <
x <100 and —100 <y <100. A grid with 40,000 uniform
triangulated cells is used. Initially, a Gaussian acoustic pulse is
located at the center of the domain (0,0) and a weaker entropy and
vorticity disturbance is located off the center at (67,0):

1 ¢ 2 2
p=—+ 506*51(1'#" )
14

p =1+ 8oe 1) 4 (.1§,eSl0=67"7]
u =M + 0.048,ye =677 +7]
v = —0.048)(x — 67)e (661 +y]

where y=14, § =02/9, and §, = (. 2/25. With a small
amplitude factor &, = 0.001, the Euler equations are practically
linearized. At all four boundaries, flow variables are the given M=
0.5 mean flow conditions

u=M=0.5, v=0

Figure 10 shows the density contours at time #= 63 and its
comparison to the exact solution along the x axis at r = 63. It is
observed that the numerical solution agrees well with the exact
solution. For this short-term running, « = 0.5 and 8 = 0 are chosen.
The example shows the performance of the ETAU scheme with weak,
delicate acoustic waves.

VI. Numerical Examples for Flows
at Low Mach Number

To test the ETAU scheme with flows at low Mach numbers, we
consider flow past a circular cylinder (or cylinders). As the Reynolds
numbers are high, vortex roll up occurs in the wake and von Karman
vortex streets are formed. The flows are highly unsteady and

t=63 | ———-numerical
1.0001 exact

1.00005f '
]
K=
=

1
0.99995 L L . N
-100 -50 0 50 100
X

Fig. 10 Propagation of linear waves: instantaneous density contours at
time ¢ = 63 (left) and comparison between exact and numerical solutions
along the centerline y = 0 at # = 63 (right).
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Fig. 11 M = 0.2 flow past a circular cylinder: the computational domain with unstructured grid, showing the location of the observation point (left) and

snapshot of isobars at time step 250,000 (right).
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Fig. 12 PSD at a field point (—1, 2) with different Bs: 8 = 0.0001 (left) and g = 0.3 (right), showing that 8 has no influence on the PSD and Strouhal
number at the peak (PSD = —4.36 and Sr = 0.037); because of the larger 3, the PSD curve on the right decays faster with increasing Strouhal number.

accompanied by aeolian noise. These examples are aeroacoustics
computations, which demonstrate the time accuracy of the scheme at
low Mach number and its performances for viscous flow. The three
examples include a single circular cylinder or twin circular cylinders
with the Mach number ranging from M = 0.2 to M = 0.02. The
computed results are compared to the available experimental data.
For the lowest Mach number M = 0.02, no preconditioning is
invoked. The van Albada index is always set at « = 0.5 and 8 at
0.001 except where different S are used for comparisons.

A. Flow Past a Single Circular Cylinder at M = 0.2 with
Aeolian Noise

Aeolian noise is the noise generated by flow past a circular
cylinder (or cylinders). First, consider a single circular cylinder with
a diameter D = 1.9 cm subject to a flow with a freestream Mach
number M = 0.2 [27]. The Reynolds number is Re = 90, 000. The
diameter D is used as the length scale. For convenience, the free-
stream speed of sound and density are used as scales for nondimen-
sionalization. The Strouhal number (nondimensional frequency) is
here conveniently defined based on D and the freestream speed of
sound. The computational domain contains about 91,000 triangular
cells, spanning between —2.5 < x < 10 and —5 < y <5, with the
center of the circular cylinder located at (0,0). Initially, the flow is
quiescent:

(00, g, Vo, po) = (1.0,0,0,1/y)

The boundary conditions at the inflow, top and bottom, are the given
M = 0.2 flow:

u=M=0.2, v=0

Simple extrapolation is applied to the outflow boundary and no-slip
condition at the cylinder wall. With a van Albada limiter « = 0.5 and
B =0.0001, 80,000 time steps were computed to ensure the initial
startup transients have exited the domain. During the next 170,000
time steps, the pressure history at an observation point (—1, 2) in the
field are recorded. The point is located outside the vortex streets to
ensure that only acoustic wave fluctuations are recorded. Figure 11
shows the grid and the instantaneous isobars at this final time step.
Vortex streets downstream of the cylinder are clearly observed. Then,
fast Fourier transform (FFT) analysis is applied to the pressure
history. The results are presented as a PSD (power spectral density)
plotin Fig. 12. There are 17,000 sampling points (recorded every 10
time steps) in the pressure history file, which is just enough to cover
2% =16, 384 points for FFT. In Fig. 12, the single peak of PSD
corresponds to a Strouhal number St = 0.037, which compares very
well with the experimental data [27] (Table 1). Note that this St is

Table 1 Comparison of experimental and computed aeolian noise frequencies.

Mach number Reynolds number ~ Number of cylinders Exp. freq. (Strouhal number) Comput. freq. (Strouhal number) CPU time, h
0.2 90,000 Single 0.1846 [27] 0.185 8.57
0.0714 15,800 Twin 0.205 [28] 0.21 27.88
0.02 15,000 Single 0.195 [29] 0.195 195.4
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Fig. 13 Snapshot of isobars (left) and snapshot of iso-Mach numbers
(right) at time step 740,000 for the twin cylinder aeolian noise problem
with a freestream M = 0.0714, 8 = 0.001, showing vortex streets, as well
as the grid; the buffer zone is not shown.

converted to 0.185 in Table 1 based on the freestream velocity, as will
be explained at the end of this section. Figure 12 also shows that the
value of B has little influence on the Strouhal numbers at the curve
peaks. However, the larger value of 8 (e.g., 0.3) represents larger
dissipation: the corresponding PSD curve is smoother and decays
faster for St > 0.2.

B. Flow Past Twin Circular Cylinders at M = 0.0714

Similar computations are conducted for the acolian noise problem
with twin cylinders. The diameter of the cylinders is D = 0.955 cm
and the cylinders are placed vertically 3D apart (see Fig. 13) and
subjected to a freestream with a Mach number M = 0.0714 [28]. The
computational domain is about the same dimensions as the single
cylinder case, with a small buffer zone at the downstream outflow
boundary. There are about 100,000 triangular cells in the domain. All
the boundary conditions are the same as in the previous case except
M =0.0714. At a designated point (—1, 2), the pressure history is
recorded after 80,000 steps at every 20 steps for 660,000 additional
time steps. There are 33,000 sample points in the pressure history file,
which slightly exceeds 2'3 = 32,768 for FFT. Figure 13 shows the
instantaneous isobars and iso-Mach numbers at time step 740,000
and the interaction between the two vortex streets from the twin
cylinders. The computed Strouhal number is presented in Table 1 and
agrees well with the experimental one.

C. Flow Past Circular Cylinder at a Low M = 0.02

In the preceding example, the computational domain, the grid, and
the boundary conditions are identical to the previous case with single
cylinder, except the Mach number M is reduced to 0.02 and the
Reynolds number is set at 15,000. The same parameters o = 0.5,
B =0.001, and Ar = 0.002 are used. However, as the flow is now
much slower, it takes more than 1.5 million time steps to allow the
initial startup transient flow to pass through the domain. A pressure
history at three locations are recorded over 4.1 million additional
time steps. To ensure numerical accuracy over a long run time, the
computation is carried out in double-precision mode. Figure 14
illustrates snapshots of the vortex streets in the wake of the circular

PSD at (-0.9,-2.5)
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Fig. 15 PSD at a field point (—0.9, —2.5), showing a Strouhal number
Sr = 0.0039, which agrees with the experimental data in [29].

cylinder flow at time steps 2.3 million and 5.7 million. FFT analysis is
again applied to the pressure history. The result is presented as a PSD
plotin Fig. 15. There are 16,400 sampling points (recorded every 250
time steps) in the pressure history file.

We note that for all three test cases, the Strouhal number based on
the freestream speed of sound is used, which is convenient in
numerical computations. In Table 1, for comparison, it is converted
back to the standard Strouhal number, which is based on the free-
stream flow velocity. Table 1 demonstrates that for either M = 0.2,
0.0714, or 0.02, the computed frequencies (Strouhal numbers) agree
well with the experimental data [27-29]. These computations were
run on a Linux workstation with 2 GHz CPU. The CPU times are also
listed in the table. To obtain a time series of adequate size for FFT, the
required CPU time increases quickly with the reduction of the Mach
number.

VII. Conclusions

As aresult of striking a balance between accuracy, efficiency, and
affordable computer resources (CPU time and memory), an ETAU
finite volume method for unsteady Euler and Navier—Stokes
equations is presented. The ETAU scheme is nominally second-
order-accurate in space and time. The scheme adopts concepts from
high-order upwind schemes, such as the Cauchy—Kowalewski time
stepping, accurate evaluation of surface fluxes, multidimensional
limiter, etc. Also, employment of the unstructured grid enables
flexibility in geometry.

A built-in multidimensional dissipation model in the ETAU
scheme helps to suppress the pathological behaviors and stabilize the
computation for high-Mach-number flows. The parameter § in the
model is associated with the amount of artificial dissipation imposed.
Generally, § = 0.001 is good enough for most flows. However, for
flows with high Mach number, strong shocks, and associated

Qe

Fig. 14 M = 0.02 flow past a circular cylinder: snapshot of vortex streets at time step 2.3 million (left) and snapshot of vortex streets at time step

5.7 million (right).
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pathological behaviors, 8 may need to increase to the level of 107",
To avoid excessive dissipation, 8 should be kept as small as possible.
The van Albada index « is associated with the multidimensional
limiter. If the multidimensional minmod limiter is used, no additional
parameters are required. For flows at high Mach numbers with
shocks, « is usually set at 2.0, otherwise, « should be smaller.

In addition, the ETAU scheme also exhibits good performance as
an all-speed or Mach-number-insensitive scheme. As demonstrated
in the examples, for Mach number from M = 0.02 to 10, the scheme
works well, one needs only to adjust one or two parameters: namely,
B and «. No preconditioning is invoked at low Mach numbers.

To conclude, the ETAU scheme is a stabilized upwind scheme of
almost all speed. It is time accurate and works well with viscous or
inviscid flows that are associated with either strong shocks or with
delicate acoustic waves. Employment of unstructured grid provides
not only flexibility in geometry but also balanced loading for large-
scale parallel computation. The ETAU scheme is rendered as a robust
and viable tool for practical CFD and CAA computations.
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